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Abstract: A fair and inclusive competition depends on a scoring system that takes all relevant factors into
account. We analysed the current World Para Point System for swimming and identified several theoretical
and practical disadvantages. We propose and test a Fair World Para Point System that not only improves
the algorithm, but also extends it to accommodate for the age of the athlete. It also provides a method
to break point ties. This will enable para masters swimmers for the first time to compete fairly with each
other. We also develop and publish tools that enable event organisers to directly use the Fair World Para
Point System.
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1 Introduction
A fair competition is essential to all sports [32]. Given the wide range of disabilities present in para athletes,
classification systems have been introduced to enable athletes with different impairments to compete with
each other. These classification systems are inherently difficult to define [23] and differ across sports. For para
swimmers, a point system has been introduced that is based on disability classifications [18, 35]. Swimmers
are grouped into ten physical impairment sport classes (S1-S10), three visual impairment classes (S11-13)
and one intellectual impairment class (S14). The lower the number, the higher the activity limitations. The
sport classes S1-S10 cover a wide range of disabilities and limitations.

A swimmer in the S1 class has “a significant loss of muscle power or control in legs, arms and hands.
Some athletes also have limited trunk control. This may be caused by tetraplegia, for example. Swimmers
in this class usually use a wheelchair in daily life.”1 Swimmers in the S3 class typically have amputations
of both arms and legs or has no use of their legs and/or trunk or has a sever lack of control in all limbs.
Swimmers in the S10 class have minimal physical impairments, such as the loss of a hand.

The fairness of the system is reliant on the definitions for these classes and much debate on the
classification criteria is present [9, 37]. Burkett et al. [5] show that the relationship between the impairment
and swimming performance is inconsistent. Alternatives to the current practice have been proposed based
on extreme value theory [14] and partial least squares regression [17]. In 2018 the classification system has
been revised, but its impact is still somewhat unclear [28]. Still, as long as there are enough athletes in one
class they can at least compete against each other in a relatively fair way within that class. Although the
classification systems and their impact on the sport is the source of some controversy, we cannot adequately
identify and address these issues in this study. It would require a dedicated project to fully explore this
relationship.

1 https://www.paralympic.org/sites/default/files/document/150915170806821_2015_09_15%2BExplanatory%
2Bguide%2BClassification_summer%2BFINAL%2B_5.pdf
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Fig. 1: Influence of age on 100 m Freestyle performance in New Zealand Masters swimmers by Gender. The points show
recorded results while the solid lines show the age-group-specific medians.

While the definitions of the disability classes play an important role, they are not the only problematic
aspect of the system. Hogarth et al. [16] showed that age is an important factor that predicts the performance
of young para swimmers. It has been shown that the differences between age groups is smallest for younger
master swimmers (35-49 year old) and highest within older swimmers (> 70) [12, 19, 29, 31, 33]. As a
consequence, the difference in performance between two adjacent groups, such as 85-89 and 90-94 is so
severe, that the 89-year-old swimmers have to wait until they are 90 to be able to have a chance to win
competitions again (see Figure 1). Even the decline in performance within one year can be so severe that
a swimmer with a birthday in January has a significant disadvantage to swimmers with a birthday in
December. Long distance swimmers, such as 10km open water swimmers, seem to peak later in life than
the shorter distance swimmers [38].

Many studies that investigate the influence of age on swim performance are based on data obtained
from high profile international events, such as national competitions [13, 20], the Federation Internationale
de Notation (FINA, renamed to World Aquatic in 2023) World Cup or the (Para) Olympics [22]. The
observed population is therefore focused on young, high performance athletes. The popularity of these data
sets is probably based on their open online availability.

1.1 Swimming Point Systems

The goal of any sports handicap system, such as the World Handicap System for golf or the World Para
Swimming Point System, is to enable athletes to have a fair competition [15, 36]. A swimmer with no arms
should be able to compete against a swimmer with one or two arms. While the game balancing system
should compensate for such a specific factor, it should not confound other factors, such as the skill or
fitness of the athlete. If two athletes with the same disability compete, the more skilled and fitter should
win. It should also not change the ranking order within the different para classifications, sex or age. The
ranking order within, for example, the 50-year-old female S10 swimmers should remain intact. The fastest
swimmer in this specific group should always get the highest points within this group, although the absolute
difference in points between the fastest and second fastest swimmer can be altered.
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The International Paralympic Committee (IPC) developed a point system for World Para Athletics
[27]. A few years later, the World Para Swimming Federation, which is associated to the IPC, developed
their Para Swimming Point system based on the concepts in the World Para Athletics System, such as the
use of the Gompertz function (see equation (2)). The World Para Swimming Federation provides a Micosoft
Excel based calculator for swim official to convert times to points and the reverse 2.

Mathematical methods have already been developed to compensate age effects for able-bodied youth
swimmers [1, 7]. The current World Para Swimming Point System, however, does not take age into
consideration. 80-year-old para swimmers are expected to compete with 20-year-old swimmers. The results
of such competitions are predictable. This formula is primarily used for the open competition on the
international and Olympic level. It is applied on high performance swimmers. It is therefore not directly
suitable for para masters swimmers.

The Amateur Swimming Association (Swim England) offers a different approach. Their British Para-
Swimming Points Calculator3 uses the FINA able-bodied formula:

𝑃 = 1000 ×
(︂

𝐵

𝑇

)︂3

where 𝐵 is the baseline time and 𝑇 is the time swum by the athlete. The score is then rounded to the
nearest integer. The original FINA points use the current world record as the baseline time split across
sex and length of the pool (short course 25m vs. long course 50m)4. The British Para-Swimming Points
Calculator uses the world para records as their baseline times. This formula does not take the age of the
athlete into consideration either nor does it allow athletes to compete across classifications. S9 swimmers
can only compete against other S9 swimmers. Graham Spratt from Sportsystems, the company producing
the British Para-Swimming Points, pointed out in a support forum post that they were dissatisfied with the
World Para Swimming Point System giving too many slow swimmers zero points. This prevents a ranking
between those swimmers. In addition, being given zero points does carry a certain psychological value which
could discourage slow swimmers.

Able-bodied master swimmers compete within age blocks of five years (20-24, 25-29, etc.). A similar
method could be applied to master para swimmers. They could use the para point system to compete across
their disability levels within their age & sex group. Fortunately, the number of para athletes is low compared
to able-bodied athletes. Unfortunately, it is predictable that even events that are held at a national levels
would not offer much competition. The swimmers would be sparsely scattered across the age and sex groups.
It is likely that all athletes would almost automatically win medals. The situation would become even worse
if swimmers were further confined to compete within their class. This would likely guarantee a gold medal
for everyone.

It would also be desirable for para swimmers to compete with able-bodies swimmers in a fair way. In
particular for swimmers with only minor disabilities, such as those in S10, who are often already competing
with able-bodied swimmers. They are still able to compensate their physiological disadvantage with an
increased amount of training. They are therefore able to at least not be the slowest swimmers in their age
group. Daly et al. [10] showed that the Paralympic swimmers use similar race speed patterns as able-bodied
competitive swimmers. Still, their systematic disadvantage makes it hard for them to win gold.

1.2 Game Balancing

There are alternative methods to enable competitors with different skills and abilities to have an enjoyable
competition. In a running competition, the slower athlete could be given a couple of meters of a head start.

2 https://www.paralympic.org/file/2021-world-para-swimming-senior-points-calculator-xlsx
3 https://www.swimmingresults.org/downloads/para-points/
4 https://www.fina.org/swimming/points

https://www.paralympic.org/file/2021-world-para-swimming-senior-points-calculator-xlsx
https://www.swimmingresults.org/downloads/para-points/
https://www.fina.org/swimming/points
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In table tennis, for example, the higher skilled player could be required to play with his/her weak hand or
would be required to use a smaller paddle. The size of the permissible table area can also be dynamically
adjusted to account for the state of the game [2]. Such computer adjusted games are often referred to as
exertion games [24].

In computer games it is common practise to dynamically adapt the performance of non-player characters
(NPC) to the skills of the human player. In a car racing game, for example, the NPCs can be dynamically
adjusted by the game to always give the human player an interesting challenge. If the player falls behind,
the NPCs drive slower and allow the human player to catch up. If the human player has taken the lead, the
NPCs driver faster and better. This results in the commonly know “Rubber Banding” effect. While such a
system is a guarantee for an enjoyable game, it is not generally being used for official competitions where
humans compete against other humans.

Still, the World Handicap System for golf dynamically calculates each players’ index by taking the most
recent performances into account. The advantage of such a dynamic adjustment is that it also compensates
for the current skill and training level of players. The strength of such a system is also its greatest weakness,
since a novice player could beat a world champion.

1.3 Research Goal

The goal of this project is to analyse the current World Para Point System for swimming and to develop
improvements that make the system easier to use and potentially fairer. In addition, we intend to expand
the system to include age related effects into a World Para Master Points System. The mathematical model
should have the following characteristics:

1. enable para swimmers to compete across impairment classes, sex, and age
2. be useful for high performance swimmers as well as casual swimmers
3. should be easy to use for swim event organisers
4. should be fair

Definitions of fairness are notoriously difficult and depend on their context [21]. For the purpose of this
study, we consider a para-point system to be fair if:

1. It takes the age of the athlete into consideration
2. It is transparent
3. The results can be reproduced and verified
4. It does not require any ad-hoc adjustments
5. It takes the whole data set into consideration
6. It can resolve ties effectively

To formalise the definition of fairness a bit further, let 𝑋 refer to a competitor’s result recorded as speed
(inverse time) in a certain swimming event, and consider two athletes with attributes (such as disability
and age) 𝐴1 and 𝐴2 respectively. Assume they complete a certain competition with speed (inverse time) 𝑥1
and 𝑥2 respectively. Let

𝑝𝑖 = Pr(𝑋 ≤ 𝑥𝑖|𝐴𝑖) for 𝑖 = 1, 2 (1)

refer to the theoretical proportion of the population with attributes 𝐴𝑖 who would have had a worse (slower)
result than 𝑥𝑖 for 𝑖 = 1, 2. When comparing the two athletes between themselves, the athlete who is better
relative to the group with their attributes, i.e., the one with the greater 𝑝𝑖 would get a better score. Thus,
for example, a blind 90-year-old swimmer who is the best among blind 90-year-old swimmers, will get a
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better score than an able bodied 20-year-old, who is the worst among able bodied 20-year-olds, even though
the latter’s time result might be much better in absolute terms.

This study does not have the goal to question the number of classifications nor their criteria. We also
do not investigate the consistency of athletes within each classification.

2 Current World Para Swimming Point System
Before being able to propose an improved World Para Swimming Point System it is important to fully
understand the current system. We will shortly describe the system, provide explanatory commentary and
assess its strength and weaknesses. Consider a competitor assigned to a disability class 𝑔, 𝑔 = 1, ..., 𝐺,
competing in an event 𝑘, (e.g., men’s 50 m Freestyle,) 𝑘 = 1, ..., 𝐾 with the time result 𝑡. There is a total of
𝐺 = 38 events (19 each for men and for women), and 𝐺 = 14 disability classes. The current World Para
Swimming Point System formula is:

𝑃 (𝑡, 𝑘, 𝑔|𝑎, b, c) = 𝑎𝑒−𝑒𝑏𝑘−𝑐𝑘𝑔/𝑡

, (2)

where 𝑎 is the maximum of available points (set to 1, 200), b ∈ R𝐾 is a vector of event-specific positive
parameters, and c ∈ R𝐺 is a matrix of event- and disability class-specific positive parameters [18]. The
result is rounded down to the nearest integer. Because, only 𝑐 is class-specific, the median performance for
the more impaired classes is worse than for those less impaired. Also, b and c are chosen so that for the
world’s best 𝑡𝐵 , 𝑃 (𝑡𝐵 , 𝑘, 𝑔|𝑎, b, c) is as close to 1, 000 as possible.

To understand the current World Para Swimming Point System, let’s start with a simple example.
Consider two male para-swimmers from two different classes 𝑆03 and 𝑆09, where 𝑆03 corresponds to more
disability than 𝑆09, competing in 50 m Freestyle. Assume the results are exactly 30𝑠 for the 𝑆09 swimmer
and exactly 45𝑠 for the 𝑆03 swimmer. Finally, assume the parameters for the S03 are 𝑎 = 1200, 𝑏 = 6.09,
𝑐𝑆03 = 334.86 and 𝑐𝑆09 = 198.02. Without any point system, the faster (𝑆09) swimmer wins. However, the
points obtained from the equation (2) are only 659 for the faster 𝑆09 swimmer and 926 for the slower 𝑆03
swimmer, making the latter the winner.

To see the possible rationale behind this, we need to have a closer look at the mathematical properties
of the formula (see equation (2)). Let 𝑋 denote a random variable, which describes the inverse time result
of an individual. Assume that this random variable 𝑋 comes from a distribution with a cumulative density
function (c.d.f.) 𝐹𝐴(𝑥), where 𝐴 denotes the attributes of the individual such as sex, age, or disability class.
By definition, 𝐹𝐴(𝑥) = 𝑃𝑟(𝑋 ≤ 𝑥). In other words, for a particular swimming result 𝑥 = 1/time, the value
of the c.d.f. can be interpreted as the proportion of population which would have a worse result than the
observed one. We show in Section 2.2 that the formula in the equation (2) is exactly the c.d.f of a Gumbel
distribution multiplied by a constant 𝑎. Assuming that the swimming results expressed via inverse time
have a Gumbel distribution, one can thus say that the 𝑆09 swimmer with the 30𝑠 result is better than 55%
of their group, and the 𝑆03 swimmer with the 45𝑠 result is better than 77% of their group, justifying the
win of the latter.

Such score based on group-specific cumulative density functions thus arguably allow for a fair comparison
between different groups, since it in effect makes the top 𝑝% in each group compete with each other. It
should be noted that this result applies to any c.d.f., and furthermore, functions from completely different
families can be used for different groups although that is unlikely to be necessary.

2.1 Strength and weaknesses

The current system has several weaknesses. According to the IPC’s Explanatory Report, the lower one-third
of the dataset has been excluded from the estimation of the parameters 𝑎, 𝑏 and 𝑐 [26]. The technical report
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only explains that this exclusion improved the model fit. Still, excluding such a high proportion of data
points is unusual for dealing with outliers. It also biases the system towards high performing athletes.

Second, the current system relies on several ad-hoc adjustments in the stepwise parameter estimation
process that have to be implemented manually. The Explanatory Report does not document all the
adjustments. Since there is no openly available documentation of these adjustments the system does become
opaque. It is not possible to replicate the results and hence verify the system.

We also have to point out that the goal of giving 1,000 points to the current world record for each
combination of event and class does not work as intended. We entered all the current world records into the
current para point calculator and received more than 1,000 points for 67.2% of the long course events and
41.4% for the short course events. Despite all the manual adjustments they made, the current para model
still cannot guarantee the symbolic meaning of 1,000 points.

The current World Para Point system therefore does not meet all the desired mathematical characteristics.
Specifically, characteristic two is neglected. The current system does not meet any of the six fairness criteria
defined above.

In the following sections, we explain further the technical aspects of the underlying rationale for the
equation (2), and develop a transparent, systematic, replicable way of fitting the model parameters.

2.2 Gumbel and the Current Para System.

Since sports results usually represent the best of the best, it is common to model them using generalised
extreme value distributions. One of them is the Gumbel distribution (also known as double exponential)
with the c.d.f. defined as:

𝐹 (𝑥|𝑏, 𝑐) = 𝑒−𝑒𝑏−𝑐𝑥

(3)

for some positive 𝑏 and 𝑐. If one assumes that this distribution has been truncated from above at a point
𝑥*, the c.d.f. becomes:

𝐹 (𝑥|𝑎, 𝑏, 𝑐) =

{︃
𝑎

1000 𝑒−𝑒𝑏−𝑐𝑥

, for 𝑥 < 𝑥*,

1, for 𝑥 ≥ 𝑥*,
(4)

where

𝑥* =
𝑏 − log(− log 1000

𝑎 )
𝑐

.

One can see that this is equation (2) with 𝑥 = 1/𝑡. Thus, in what follows 𝑥 refers to the inverse of the
recorded time result. Figure 2 shows how the scoring system works.

Note, that the corresponding probability density function is:

𝑓(𝑥|𝑎, 𝑏, 𝑐) = 𝑑𝐹 (𝑥|, 𝑎, 𝑏, 𝑐)
𝑑𝑥

=

{︃
𝑎

1000 𝑐𝑒𝑏−𝑐𝑥𝑒−𝑒𝑏−𝑐𝑥

, for 𝑥 < 𝑥*,

0, 𝑥 ≥ 𝑥*.
(5)

2.3 A note on ties.

It can be shown that 𝐹 (𝑋), which is itself a random variable, has a uniform distribution in the range from
0 to 1 [6]. Assuming the chosen distribution is a good fit, this implies a uniform distribution of the resulting
scores. (If the scores are rounded to the nearest integer, as is the custom, it implies a discrete uniform
distribution). In practical terms, for any scoring system transforming a result 𝑋 = 𝑥 into a score 𝑆(𝑥), it
is desirable to avoid ties where 𝑆(𝑥1) = 𝑆(𝑥2), unless, of course, 𝑥1 = 𝑥2. However, the current scoring
systems are meant to bin the uniformly distributed 𝐹 (𝑋) into 𝑏 = 1, 000 bins. By definition, ties must occur
if there are 1,001 or more results.
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Fig. 2: Transforming competition times into scores comparable across classes of competitors. For each of the classes, A, B,
and C, the distribution function is estimated (left panel) and transformed into a score on the scale from 0 to 𝑎 = 1, 200

(right panel). Notice, that although the competitor in class C took more time than the competitors A and B, their scores
will be higher.

Basic probability theory shows that the probability of having at least one tie when placing 𝑛 participants
into 𝑏 equally probable bins is:

Pr(at least one tie) =

{︃
1 − 𝑏!

(𝑏−𝑛)!𝑏𝑛 , for 𝑛 < 𝑏,

1, for 𝑛 ≥ 𝑏.

Thus, for example, if 𝑛 = 50 participants are placed into 𝑏 = 1, 001 bins, the probability of at least one tie
is already quite high at 0.712 5.

2.4 Fitting a Single Gumbel Distribution.

In classical statistics, the traditional way to estimate distribution parameters given data is maximum
likelihood estimation. While sometimes analytically tractable, it may often require the use of approximate
numerical optimisation algorithms. These, in turn, become harder to manage when one deals with simulta-
neous estimation of multiple parameters in the presence of various restrictions on the above parameters,
because of the issues with non-differentiability and convergence as well as sensitivity to initial values. An
alternative approach is quantile matching, where one can use least squares to fit a parametric c.d.f. to the
empirical one.

Transforming equation (4) gives:

log
(︂

− log
(︂

1000
𝑎

𝐹 (𝑥|𝑎, 𝑏, 𝑐)
)︂)︂

= 𝑏 − 𝑐𝑥 for 𝑥 < 𝑥* and 𝑎 ≥ 1000. (6)

5 To be exact, because the continuous score lies between 0 and 1, 000, rounding to the nearest integer will result in
probabilities of 1

1000 for scores 1 to 999 and to lower probabilities of 1
1000×2 at the extreme scores of 0 and 1, 000. The

probability of at least one tie for 𝑛 = 50 participants in this set-up is slightly higher at 0.713.
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The cloglog (complimentary log-log) transformation of 1000
𝑎 𝐹 (𝑥|𝑎, 𝑏, 𝑐) is thus a linear function of 𝑥 with

intercept 𝑏 and slope 𝑐.
Based on that, for a sample of results 𝑥1, . . . , 𝑥𝑛 for a specific class and result, given 𝑎 the estimation

of 𝑏 and 𝑐 can proceed as follows:

i evaluate 𝑟𝑖 = order(𝑥𝑖)
𝑛+1 ,

ii scale them to 𝑟′
𝑖 = 𝑟𝑖 × 1000/𝑎, and evaluate the cloglog transformation as 𝑧𝑖 = log(− log(𝑟′

𝑖)).
iii find the estimators for 𝑏 and 𝑐 by minimising the sum of squares

∑︀
𝑖(𝑧𝑖 − (𝑏 − 𝑐𝑥𝑖))2 s.t. 𝑐 > 0 and

max𝑖(𝑥𝑖) ≤ 𝑥*.

The problem of minimising the sum of squares subject to linear constraints is solved by quadratic program-
ming (see, for example, [25]), which we have implemented in R via the quadprog package [34]. See Appendix
B for details and code.

Note, that the solution is conditional on 𝑎. We therefore implemented the following grid-search algorithm:

1. define a grid of values 𝑎(1), ..., 𝑎(𝐽).
2. conditional on each value 𝑎(𝑗), 𝑗 = 1, ..., 𝐽 , use the quadratic programming algorithm to estimate the

parameters 𝑏 and 𝑐 and evaluate the respective log-likelihood 𝐿 =
∑︀

𝑖 log(𝑓(𝑥𝑖|𝑎(𝑗), 𝑏, 𝑐).
3. choose 𝑎 = 𝑎(𝑗) (and the respective estimates for 𝑏 and 𝑐) which maximize the log-likelihood 𝐿.

2.5 Addressing Ordering by Disability

Consider now our original scoring problem. In the context of para swimming, we have 𝐺 = 14 disability
classes, of which the sport classes S1-S10 are ordered by the severity from highest to lowest. The S11-S13
classes for visually impaired swimmers are also ordered in the same way. The S14 class for intellectually
impaired swimmers stands by itself. Consider an event 𝑘 with two disability classes 𝑔(1) and 𝑔(2) represented
by the parameter sets {𝑎𝑘, 𝑏𝑘,𝑔(1) , 𝑐𝑘,𝑔(1)} and {𝑎𝑘, 𝑏𝑘,𝑔(2) , 𝑐𝑘,𝑔(2)} respectively, where 𝑔(1) is the more
disabled class. Note, that 𝑎 is assumed common to all classes, while the 𝑏 and 𝑐 parameters are, in principle,
allowed to be class-specific. In order for our scoring to be consistent, for the same result 𝑥 we need the
score for class 𝑔(1) always to be higher than the score for class 𝑔(2):

𝑆(𝑥|𝑎𝑘, 𝑏𝑘,𝑔(1) , 𝑐𝑘,𝑔(1)) ≥ 𝑆(𝑥|𝑎𝑘, 𝑏𝑘,𝑔(2) , 𝑐𝑘,𝑔(2)) ∀𝑥. (7)

Ensuring the above ordering within each event is equivalent to making sure that the graphs of the class-
specific cumulative density functions do not intersect. As shown in equation (6), a Gumbel c.d.f. can be
linearised with 𝑏 as an intercept and 𝑐 as a slope. We thus need to find intercepts 𝑏 and slopes 𝑐 such that
the straight lines defined by them do not intersect, see Figure 3. There are two ways to ensure it within the
event: (i) keep the parameters 𝑐 constant and order class-specific 𝑏s or (ii) keeps the parameter 𝑏 constant
and order class-specific 𝑐s. Here we choose to follow the current Paralympic system and use the second
option. Mathematically, we have the following model for the result 𝑥 in the event 𝑘 with the associated
disability class 𝑔:

𝐹 (𝑥|a, b, c, 𝑔) =

{︃
𝑎𝑘

1000 𝑒−𝑒𝑏𝑘−𝑐𝑘,𝑔𝑥

, for 𝑥 < 𝑥*,

1, for 𝑥 ≥ 𝑥*,
(8)

where 𝑎𝑘 ≥ 1000, 𝑐𝑘,1 > · · · > 𝑐𝑘,10 > 0, 𝑐𝑘,11 > · · · > 𝑐𝑘,13 > 0, and

𝑥* =
𝑏𝑘 − log(− log( 1000

𝑎𝑘
))

𝑐𝑘,𝑔

Note, that unlike the current Para Point System, which sets 𝑎 = 1200 for all events, we allow 𝑎 to be
event-specific.
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Fig. 3: Using linear transformation of the Gumbel c.d.f. to illustrate the two ways to ensure that among two competitors
with the same result 𝑥, the one from the more disabled class will always get the higher score: (i) common intercept 𝑏 with
class-specific slopes 𝑐 (upper panel), and (ii) common slope 𝑐 with class-specific intercepts 𝑏 (lower panel).

Given a, the parameters b and c can be estimated, one event at a time, within the quadratic programming
set-up as described in Section 2.3 with additional linear constraints on c. The parameter a can be estimated
via grid search as also described in Section 2.3.

For an “empty” class, i.e., a class with no observations available, no estimate can be produced by the
method described above. However, the constraint structure can be used to impute an estimate post hoc.

3 Fair World Para Point System
Although we now have 16 parameters to estimate for each event (14 disability class-specific 𝑏-coefficients, a
common 𝑐 and a common 𝑎), and multiple constraints, this still fits easily within the quadratic programming
set-up. We still can do a grid search over possible values of 𝑎, and fit the model conditional on each. Note,
that the empirical percentiles have to be calculated separately within each group.

It should be noted that in a practical application some classes may have no observations in them.
It is thus impossible to estimate the slope, and thus the parameter 𝑐 for such a class. However, such an
estimate may be necessary for scoring future participants. Keeping in mind the ordering restrictions on the
parameters we suggest local linear interpolation as shown in Figure 4. Thus, for example, if a missing class
is between two non-missing classes, then the average of their slopes should be used.

3.1 Addressing Age

A somewhat different problem that hasn’t been addressed as far as we know is adjusting by age. Intuitively,
on a population level, there is an age at which top fitness and thus best results can be reached. Moving
away from that optimal age is associated with a decrease in fitness [4]. Note that for the truncated Gumbel
distribution specified in equation (4) the median 𝑚 is such that



10 C. Bartneck et al., Para Point System

300

400

500

600

700

800

1 2 3 4 5 6 7 8 9 10
Class

c estimated

missing

Fig. 4: In case of missing data, the coefficients for the ’empty’ groups can be recovered by linear inter- and extrapolation
as shown here for an imaginary situation where the coefficients for the classes 2,3,5,8, and 9 could be estimated from the
data, but those for the classes 1,4,6,7 and 10 had to be recovered after the analysis.

𝐹 (𝑚|𝑎, 𝑏, 𝑐) = 𝑎

1000𝑒−𝑒𝑏−𝑐𝑚

= 0.5.

That is,

𝑚 =
𝑏 − log

(︀
− log

(︀
.5 1000

𝑎

)︀)︀
𝑐

. (9)

It is reasonable to assume that this median inverse time has a quadratic dependence on age with the global
maximum corresponding to the age of peak fitness at which top speed would be reached (see e.g. [8] and
[11]). We thus posit

𝑏 = 𝛽0 + 𝛽1age + 𝛽2age2, (10)

where 𝛽2 > 0 to make sure that the quadratic function has a maximum (rather than a minimum).
Consider now a sample of results 𝑥1, . . . , 𝑥𝑛 for competitors with respective ages age1, . . . , age𝑛. In

order to benefit from the convenience of the quadratic programming approach, we aggregate our data into
1-year age groups, order the observations within each age-group and scale them up to obtain empirical
percentiles 𝑧𝑖 as before, and minimize the sum of squares∑︁

𝑖

(𝑧𝑖 − (𝛽0 + 𝛽1age𝑖 + 𝛽2age2
𝑖 − 𝑐𝑥𝑖))2

subject to constraints 𝛽2 > 0, 𝑐 > 0 and

max
𝑖

(︁ 𝑎

1000 exp(− exp(𝛽0 + 𝛽1age𝑖 + 𝛽2age2
𝑖 − 𝑐𝑥𝑖))

)︁
≤ 1.

3.2 Putting Disability and Age Together

In order to keep the ordering between disability classes as well as incorporate adjustment for age, we put
the two proposed methods together to produce the final global model and the associated algorithm.
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We assume that the inverse time result 𝑥 in an event 𝑘 of a person from disability class 𝑔 of given age
has a truncated Gumbel distribution with the c.d.f:

𝐹 (𝑥|a, 𝛽, c, 𝑘, 𝑔, age) =

{︃
𝑎𝑘

1000 exp(− exp(𝛽𝑘,0 + 𝛽𝑘,1age + 𝛽𝑘,2age2 − 𝑐𝑘,𝑔𝑥)), for 𝑥 < 𝑥*
𝑘,𝑔,age,

1, for 𝑥 ≥ 𝑥*
𝑘,𝑔,age.

(11)

such that

𝑎𝑘 ≥ 1000 for 𝑘 = 1, . . . , 𝐾,

𝛽𝑘,2 < 0 for 𝑘 = 1, . . . , 𝐾,

𝑐𝑘,1 > · · · > 𝑐𝑘,10 > 0, 𝑐𝑘,11 > · · · > 𝑐𝑘,13 > 0 for 𝑘 = 1, . . . , 𝐾.

and

𝑥*
𝑘,𝑔,age =

𝛽𝑘,0 + 𝛽𝑘,1age + 𝛽𝑘,2age2 − log(− log 1000
𝑎𝑘

)
𝑐𝑘,𝑔

. (12)

We apply the quadratic programming to quantile matching for results 𝑥𝑖, 𝑖 = 1..., 𝑛 within each event 𝑘

as follows.

1. define a grid of value for 𝑎𝑘, 𝑎(1),...,𝑎(𝐽).
2. evaluate empirical percentiles within each disability class and 1-year age-group as 𝑟𝑖 = 𝑜𝑟𝑑𝑒𝑟(𝑥𝑖)

𝑛+1 , where
𝑛 is the number of observations within that disability class of that age group.

3. for each grid value 𝑎(𝑗), scale and transform the empirical percentiles to obtain 𝑧𝑖 = log(− log(𝑟𝑖1000/𝑎(𝑗)).
4. use quadratic programming to minimize the sum of squares

∑︀
𝑖(𝑧𝑖−(𝛽𝑘,0+𝛽𝑘,1age+𝛽𝑘,2age2−𝑐𝑘,𝑔𝑖

𝑥𝑖))2

subject to the constraints listed above. Evaluate the corresponding log-likelihood.
5. choose 𝑎𝑘 = 𝑎(𝑗) corresponding to the highest log-likelihood and use the associated model estimates.

4 Application to synthetic data

4.1 Data Source

In order to demonstrate how the method works in ideal conditions, we have created an artificial dataset
with 100 competitors in each age group from 15 to 35 years old, in each of the 14 disability classes. For
each competitor, we have sampled inverse times from Gumbel distribution with parameters 𝛽0 = −4.75,
𝛽1 = 0.75, 𝛽2 = −0.015 and 𝑐𝑔 = 750 − 50 × 𝑔 for 𝑔 = 1, ..., 14. Note that the parameters imply that the
class-specific median depends on age as

𝑚𝑔 = 5 + log(− log(.5)) − 0.015 × (age − 25)2

𝑐𝑔
,

i.e. reaching the peak fitness at age 25. After generating these observations, we’ve truncated our sample at
𝑎 = 1, 200.

4.2 Results

The estimated value of 𝑎 was quite close to the true 𝑎 = 1200 at 𝑎̂ = 1, 251. The estimated coefficients for
the age dependency were 𝛽0 = −4.2103, 𝛽1 = 0.6742, 𝛽2 = −0.0135, again close to the true ones. Figure 5
shows the profile log-likelihood associated with different values of 𝑎 and the quantile-matching fit without
adjusting for age. Figures 6 and 9 show the observed and fitted dependencies between the inverse time and
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Fig. 5: Log-Likelihood corresponding to each possible value of 𝑎 for the model applied to the simulated data. The dotted
red line indicates the "true" value 𝑎 = 1200 used for simulating the data set. The value corresponding to the highest
likelihood (𝑎̂ = 1, 251) is indicated by the solid red line.

the cloglog-transformed empirical percentiles by class and by age-group within class 9 respectively. Figure 7
shows the good fit of median inverse time on age by class, and Figure 8 shows the estimated and observed
class-specific coefficients 𝑐 for our simulated dataset.

Having understood how the methods works for the simulated data, we are now moving on to the real
datasets.

5 Application to the Paralympics Data
The International Paralympic Committee (IPC) provided us with a dataset from their swimming events
results database. While their results are openly available, including the name of athlete6, they only provided
us with anonymous data that did not allow us to identify any swimmer directly.

The original dataset contained 356,609 individual valid swimming results. For each result the following
information was available: year, category (long course vs. short course), event distance, event stroke, time,
gender, age and classification. At the data cleaning stage, we have dropped observations with recorded age
above 100 as well as observations where the recorded time was either negative or faster than the current
world record, assuming these to be clerical errors. Finally, we have removed records of any competitors in
150 m Individual Medley with recorded classes of SM5 and above. The resulting dataset contained 356,528
observations.

The dataset ranges from the year 2006 to 2021 with 155,156 (43.5%) observations for female and 201,372
(56.5%) observations for male participants. The age of the participants ranged from 7 to 68 with a median
of 21.75.

The number of participants by event and disability class are shown in Figure 10. While some combinations
of events, such as 100 m Freestyle, are very popular across all classifications and gender, there have been a

6 https://www.paralympic.org/swimming/results

https://www.paralympic.org/swimming/results
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Fig. 10: Participant numbers by event and class in the Paralympics data set.

few combinations where the number of data points is small. However, it does not cause a problem for the
model fitting.

It also has to be mentioned that the dataset is based on events that may use qualifying times. This
means that all athletes must have reached a high performance level before even being allowed to participate
in these competitions. This does have an impact on the distribution of the data since almost no times are
being recorded above the qualifying time.

5.1 Results

5.1.1 Fitting

We started by identifying the cut-off point 𝑎, common to all 19 events for both genders, which would
maximize the joint likelihood for the entire dataset. We found it to be 𝑎̂ = 1282, which is not too far
from the currently used one. The log-likelihood associated with that value was 1, 609, 889 whereas the
log-likelihood associated with the currently used value of 𝑎 = 1, 200 was 1, 608, 657, i.e. substantially lower.

The summary of the estimated coefficients and performance statistics when adjusting for disability are
shown in Tables 3 and 4 respectively (see Appendix A). For all but 3 events, the maximal score was 1000,
and the maximum number of ties at the top end was 8 for 100 m Backstroke for women. Looking at the raw
scores before rounding to integers, the top three are 1000.389, 1000.389, 1000.387 from the classes S01, S06
and S03 respectively, and their respective cloglog transformations (i.e., the −(𝑏 − 𝑐𝑥) values) are 1.394197,
1.394195, and 1.394189 (i.e., no ties). We will refer to this score as the Tie Breaking Score, based on its
application.

The situation is worse with the ties at the slower end, with the maximum number of ties being 147
out of 30571 male competitors in the 100 m Freestyle event. The five smallest scores are 10−25, 10−18,
10−17, 10−13, and 10−10, i.e. all zero effectively, but their cloglogged version, the Tie Breaking Scores, are
4.164247, 3.837502, 3.790417, 3.596481, and 3.340833 respectively. We can resolve all these results using the
Tie Breaking Score leaving us with no ties.
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We have also considered the practice of estimating percentiles as 𝑟𝑎𝑛𝑘/𝑛 rather than 𝑟𝑎𝑛𝑘/(𝑛 + 1),
where 𝑟𝑎𝑛𝑘 is the observed rank, and 𝑛 is the group size. The system implies that the top performer in the
group gets approximately 1, 000 points. When the group is large, there is obviously very little difference,
but when 𝑛 is small the fitted distribution can be quite different depending on the choice made. In the
extreme case of one person in a group, for example, it is a difference of assuming that person represents
the median result rather than the top result. Statistically, when we use the 𝑟𝑎𝑛𝑘/𝑛 assumption, the best
estimated 𝑎 was unchanged at 1282 with the corresponding log-likelihood of 1, 696, 958, i.e., higher than
that for 𝑟𝑎𝑛𝑘/(𝑛 + 1). There were understandably substantially more ties at the top (on average 4.26 per
event vs. 3.55) and approximately the same average number of ties at the bottom (33.76 vs 34.02).

The parameters and the summary of the fitted score when adjusting for both, disability class and age
are shown in Table 5 and Table 6 respectively (see Appendix A). For the age adjusted model, the best
common 𝑎̂ was found to be 1187 with the log-likelihood of 1, 595, 735 (i.e., lower than the age-free model)
compared to 1, 595, 690 for 𝑎 = 1, 200. The age adjustment did not change the number of times at the
top (still a maximum of 8) and slightly more ties at the bottom (maximum 214 for 100 m Breaststroke,
men). Predictably, in general, the age-adjusted scores highly correlated with the age-free scores. (𝑟 = 0.98).
However, there were some substantial differences, the most extreme of which was a difference of 362 points for
a 61-year-old participant from S02, one of the oldest recorded. Without the age adjustment, the participant’s
score was evaluated at 258 points, while after the adjustment the score became 620 points.

5.1.2 Para Point Calculator

The estimation for the various parameters of the statistical model are available in Appendix Appendix A for
both, an age inclusive and exclusive model. The same data is also available as CSV files at the Open Science
Foundation7. These parameters should be updated on an annual basis as more data points become available.
For an additional convenience for event organisers, we created an Excel Spreadsheet that calculates the
points based on the classification, time and event8. A second calculator is available that extends the model
with an age component on the same web page. This will be particularly useful for masters competitions.
Our Fair World Para Point Calculator for swimming also include the Tie Breaker Score which enables event
organisers to resolve potentially all observed ties.

6 Application to New Zealand Masters Data
We used the openly available data from the New Zealand Masters Swimming9, which contained data from
all Masters competitions in the years 2013-2020. The total number of observations in the World Masters
data was 13,247 with 6,490 (49.0%) men and 6,757 (51%) women. The age ranged from 20 to 98 years of
age with a median of 53. The numbers of participants by event is shown in Figure 11.

6.1 Results

Figures 12 and 13 shows the results of fitting our age-adjusted method to the results of the Freestyle 100m
event for men. The event had 806 results recorded with the age of the participants ranging from 20 to
92 with a median of 54. For the fit, we have attempted grouping the data into 1-year, 5-year and 10-year
age groups with the resulting estimates for 𝑎 of 1284, 1294, and 1277 respectively. The corresponding

7 https://doi.org/10.17605/OSF.IO/SJ958
8 https://doi.org/10.17605/OSF.IO/SJ958
9 https://www.nzmastersswimming.org.nz/competition/results/

https://doi.org/10.17605/OSF.IO/SJ958
https://doi.org/10.17605/OSF.IO/SJ958
https://www.nzmastersswimming.org.nz/competition/results/
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Fig. 11: Participant numbers by event and age group in the New Zealand Masters data set.

log-likelihood values were 3966.777, 3993.364, and 3988.353, indicating the best fit (higher log-likelihood)
for the 5-year group aggregation. Figure 12 shows the original data as well as the three fitted median curves.
Figure 13 shows the distribution (density) of the scores evaluated based on the 5-year group aggregation
fit as well as the cumulative density. Notice that this 5-year group aggregation is not equivalent to the
five-year age brackets currently in use with Masters swimming. Our system takes the age of each swimmer
into account as an integer.

Recall that our modelling assumptions imply that the distribution of scores should be uniform, i.e., the
observed (empirical) cumulative density function (blue line) should coincide with the theoretical c.d.f. of
the uniform distribution (the red line) in Figure 13. This doesn’t quite happen in this case. The highest
score attributed in this analysis was 1000 with the next one being 995, i.e. no ties at the top. The lowest
score was 0 assigned to three participants simultaneously.

The common best 𝑎̂ for all the New Zealand Masters events was 1182. The coefficients for the scoring
function for all the New Zealand Masters events as well as the highest and lowest scores and the number of
ties are shown in Table 1 for the common 𝑎 and in Table 2 for the event-specific 𝑎 (see Appendix A). We
found only one tie at the top for the 100 m Breaststroke event for Women (the more precise values were
993.9495 and 993.6281, which were both rounded to 994).The ties at the bottom end were more frequent,
with the highest number (and proportion) reached for 50 m Freestyle for Women of 13 ties (1.5%). The Tie
Breaking Score was able to resolve these ties.

7 Conclusions and Discussion
We propose a Fair World Para Point System for swimming, based on a Gumbel distribution of inverse
time results which simultaneously adjusts for disability and age. The implementation of a quadratic
programming algorithm requires specialist software, such as the freely available R software10, but is

10 http://www.r-project.org

http://www.r-project.org
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otherwise straightforward in a sense of avoiding problems of convergence or sensitivity to initial values and
thus not requiring expert supervision. It also allows for the simultaneous estimation of all the parameters
involved while taking into account all the required constraints (such as ordering by disability). This avoids
awkward step-wise procedures with non-transparent post-hoc adjustments and tweaks that are currently
used to ensure the constraints work.

This new system also solves the problem of resolving point ties. No two swimmers will be forced to
share a ranking. This is particularly useful for dealing with results at the tail ends of the distribution. The
lower tail suffers from more point ties than the upper tail. While the current Para Point System also has
the mathematical property of being able to break ties using the Tie Breaking Score, it simply ignored this
option so far. Our Fair World Para Point System includes the calculation of the Tie Breaking Score and
hence enables this highly useful feature.

The Fair World Para Point System is more transparent and offers a better parameter estimation. It no
longer relies on manual adjustments and ad-hoc modifications. This will enable governing bodies to update
their system more easily and more frequently without the need for an expert statistician. This holds true
not only for the open competitions at international events at the highest performance level, but also for
other events.

Including parameters for age will, for the first time, enable disabled masters swimmers to compete.
No longer will the performance of a 60-year-old swimmer be measured on the same scale as a 20-year-old
swimmer. For both, abled and disabled swimmers, age groups are currently only being considered for young
athletes, such as 13 years, 14 years, 15 years, 16 years, and 17-18 years. For older swimmers, the masters
competitions offer athletes aged twenty and older to compete. This is currently reserved for abled bodies.
There are currently no para masters competitions. Partly because there is no method for athletes to compete
fairly against each other. The Fair World Para Point System fills this gap and will enable masters para
swimming competitions to take place. We hope that this new system will help overcome this inequality.
The free and easy to use point calculators we published will enable para masters swimming events.

7.1 Fit considerations

While the system works very well with the simulated data, the reality is never that simple. Below we discuss
several issues which may arise in the process of applying the system to real data and outline possible
solutions.

Needless to say, any mathematical model is only as good as the data provided. The coefficient estimates,
underlying the resulting scoring system may not work as well for a completely different population of
athletes. For example, Olympic competitors are top performers, who have dedicated their lives to excelling
in their sport of choice. The system based on their results may not apply well to local school competitions
or local masters competitions. To create a more inclusive system, refraining from cutting out a third of the
data, as it is currently done by the IPC for some combinations of event/class, does seem necessary.

Any cumulative density function 𝐹 (𝑋) is able to transform an input 𝑋 = 𝑥 into a score on the scale
from 0 to 1, which will monotonically increase with 𝑥. Within the framework we have proposed,

1. a person with a better time will always have a better score than a person with a worse time from the
same group, and

2. of the people with the same time from two different groups, the more disabled group will always get the
higher score whatever that same time is

However, using an incorrect and badly fitting distribution means that the interpretation of the score as a
percentile - 𝐹 (𝑥) × 100% of the competitors would have a worse score making the fairness of comparison
between different classes questionable. Furthermore, it can be shown that 𝐹 (𝑋), which is itself a random
variable, has a uniform distribution in the range from 0 to 1 implying a uniform distribution of the
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resulting scores [6]. This property is lost when an inappropriate distribution is fitted. In the case of Gumbel
distribution, the cloglog-transformed empirical percentiles should depend on 𝑥 linearly within each class.
We have found substantial deviations from that when analysing Para Olympics data. The current Para
point system omits the lower third of the results (i.e. slowest times) from their estimation process, which is
a practical although not a particularly elegant or transparent decision.

7.2 Resolving Ties

Ties are generally perceived as a problem since they fail to establish order between athletes. Hence, we
made a point to monitor for them, especially at the top and the bottom. We haven’t found ties to be a
problem at the top: there were only a handful of them in the entire multi-year data set, they typically
came from different disability classes, and further distinction could be made between them when looking at
more exact numbers, such as the Tie Breaking Score, which is defined as the cloglog score 𝑏 − 𝑐/𝑥 before
transformation into 0-1,000 integer score system if desired. The ties at the zero-end of the distribution
were much more prevalent, and potentially raise two issues: the already mentioned problematic fit and the
generally demoralising effect of many competitors being given zero points.

The latter issue is, perhaps, easier to address. If one wants to avoid giving zero points, the system can
be easily scaled to start at 50 points. The solution is admittedly whimsically similar to anecdotal evidence
of aeroplanes not having unlucky row numbers and elevators not having unlucky floor numbers. The issue
with a large number of participants receiving the lowest score, whatever it may be, should be addressed
from the probabilistic point of view. Some ties are to be expected. If 𝑚 people are randomly allocated
points from 0 to 1, 000 with equal probabilities (uniform distribution), the number of people expected to get
exactly zero points or exactly 1,000 points is 𝑚/1001. However, for the 50 m Freestyle event for men, with
33,108 participants, the expected number of zero scores is thus about 33, much lower than the reported 222.
On the other hand, the number of participants who get 1,000 points is much lower than 33. This points to
the problems with model fit.

7.3 Distribution

Our analysis has shown that the fit was often problematic also in very far from the perfectly straight
lines expected under the assumption of the Gumbel distribution. In practice, however, there is no right
answer at the end of the book and when fitting a statistical model one should ask whether the best
model is good enough. There are few alternatives to Gumbel in the literature. For example, [14] suggest a
generalised extreme value distribution (of which Gumbel is a special case), but admit that some aspects of
parameter fitting are still an open question. Moreover, the advantage of the Gumbel distribution, which
allows linearisation and imposition of disability class- and age-related constraints within the quadratic
programming routine is lost. Thus fitting these other distributions would involve non-linear optimisation
with constraints in a multi-dimensional parameter space, which makes it non-trivial to execute. Such an
optimisation algorithm will be sensitive to initial values and might run into convergence problems. Therefore
our proposed framework does not move away completely from the system currently used by the IPC, but
rather formalises it in a more elegant and holistic way and extends it to take account of age.

A potential reason for the weakness of the model fit is that each disability class might include a diverse
group of disabilities. While each athlete is unique, it is necessary to group them into a limited number of
classes. This can force two (or more) distinct populations into a single class, resulting in poor within-class
homogeneity.
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7.4 Parameter Estimation

The framework assumes truncation for practical as well as statistical reasons. Statistically, there is evidence
that the maximum likelihood is substantially higher for 𝑎 > 1, 000, i.e. for a truncated distribution, which
assumes that the best results are yet to come. In practice, there is a desire to have a buffer for future results.
We have chosen to have common 𝑎 for all events for the sake of consistency, but it is possible to allow
for individual values. To illustrate the difference, we have estimated the age-adjusted model with both,
fixed and dynamic 𝑎 in tables 1 and 2 respectively (see Appendix A). Furthermore, since our algorithm is
straightforward to implement, it can be re-applied, for example, annually to new data and the parameter
values can be updated as necessary. In comparison to the current World Para Point System that uses a
fixed value of 𝑎 of 1,200, we based the fixed value of 𝑎 on the calculation of an optimal value.

7.5 Fairness

The goal of any handicap system is to enable fair competition between athletes. The current World Para
Point system manually aspires to give 1,000 points for a world record within each event without actually
achieving it. As a result, many of the world records do not receive 1,000 points. Moreover, the many ad-hoc
adjustments made to approximate 1,000 points might serve the top athletes but the overall performance of
the World Para System suffers.

The Fair World Para Point system guarantees that the best time within the event will not exceed 1,000
points, but it may be less. Let’s take the example of 100 Freestyle Men. Here, the leading S9 athlete receives
897 points, while the leading S2 athlete receives 1,000 points. The S9 athlete might feel disadvantaged since
he would lose out despite being the best in class. Being in a certain classification might make it harder to
win. A case could be made that athletes in a certain classification might be systematically disadvantaged.

While this situation is not ideal, the current World Para Swimming Point System is facing the exact
same constraint. Still, the maths behind the para point systems is agnostic. It assumes that the athletes’
performance can be adequately described by the Gumbel distribution. It also implies that the best athlete in
the entire population of potential competitors will get the top score. In practice, however, we only observe a
sample of the potential competitors, whose performance is, moreover, subject to random variation. The
only way to guarantee 1,000 points to the top performer in each class is to explicitly force the model to
do so. This could induce serious biases for the rest of the distribution. Unfortunately, in addition to the
vagaries of random sampling, the model fit remains, not entirely unexpectedly, far from perfect.

The fundamental question is to what degree the model should be manipulated to suit the top performers.
On the one hand, one might argue that winning is everything and that the overall fairness of the rankings
is less important. On the other hand, one could bring the point forward that fairness is better served by
benefiting the largest number of athletes, no matter if they are top performers or not.

Austin [3] pointed out that the Olympic Creed is “The important thing in life is not the triumph, but
the fight; the essential thing is not to have won, but to have fought well.” It does not follow the Vince
Lombardi principle of “Winning isn’t everything. It’s the only thing.” The winning mentality can have
serious negative consequences, not only for the athletes but the sport overall. It follows that a system that
is going to be used for the Para Olympics should use the Fair World Para Point system that optimises
fairness for all.

This adoption of the Fair World Para Point system will require the IPC to update its software system
and processes. While this does require some resources, it is worthwhile for the reasons mentioned above.
For regular uses of the IPC they only provide an Excel spreadsheet similar to the one we prepared and
hence the is no difference in the workload for most event organisers.

After reviewing the performance of the Fair World Para Point system against the criteria set out in the
introduction, we can conclude that it earned the attribute “fair”. It does meet all the requirements, which
cannot be said for the current World Para Point system. Still, there are some underlying mathematical
issues that do leave room for improvement.
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7.6 Future Work

Our system allows for an extension that would enable abled and disabled swimmers to compete. Abled
swimmers would simply become their own class, increasing the number to a total of 15. This would allow
disabled swimmers to compete against a much larger number of competitors. We intend to include this
option in the next version of our system.

It would also be beneficial to analyse the homogeneity within each class. There is a chance that some
classes, far from representing a single cluster, consist of several homogeneous groups. It would also be
interesting to see if the groups identified by an algorithm will correspond to the existing disability classes.
One example of such an analysis would involve the implementation of a Reversible jump MCMC algorithm
for Gumbel mixtures (see, for example, [30]). The RjMCMC algorithm allows not only the estimate of the
parameters of each mixture but also the estimate of the most likely number of groups involved as well as
the likeliest associated membership.

Another avenue of research is to reconsider the distribution being fitted and the nature of the sample
available. The former may include using the peaks over threshold (POT) methodology outlined by [14]. The
latter would mean fitting a distribution truncated both, above and below. Moreover, one may consider
stochastic truncation where the probability of inclusion into the sample is not simply zero or one depending
on whether the performance is below or above a certain threshold but rather depends in a monotonic
parametric way on that performance.

The outlined approaches should help better understand and improve the fit, thus promoting a more fair
and equitable competition framework.
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9 Appendix A
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10 Appendix B
For the examples of implementation please see our repository at https://doi.org/10.17605/OSF.IO/SJ958

Note, that in the simple single distribution model, the constraint 𝑥𝑖 ≤ 𝑥* for 𝑖 = 1, . . . , 𝑛 is equivalent
to the more concise constraint max𝑖(𝑥𝑖) ≤ 𝑥*. However, for the linear programming algorithm, it makes
more sense to define this constraint in terms of a linear combination of 𝑏 and 𝑐. Hence

𝑏 − 𝑐𝑥𝑖 ≥ log(− log 1000
𝑎

)) for 𝑖 = 1, . . . , 𝑛.

Similarly, the constraint in equation (12) can be rewritten as

𝛽𝑘,0 + 𝛽𝑘,1age𝑖 + 𝛽𝑘,2age2
𝑖 − 𝑐𝑘,𝑔𝑥𝑖 ≥ log(− log 1000

𝑎𝑘
)) for 𝑖 = 1, . . . , 𝑛.

pgumbel <- function(x,b,c){exp(-exp(b-c * x))}

# pdf
dgumbel <- function(x,b,c){c * exp(b-c * x) * exp(-exp(b-c * x))}

# pdf on a log-scale
dgumbel.log <- function(x,b,c){log(c)+(b-c * x)-exp(b-c * x)}

# random number generator (via inverse sampling)
rgumbel <- function(n,b,c){

u <- runif(n)
x <- (b-log(-log(u)))/c
return(x)

}

library(quadprog)

### DISABILITY CLASSES ONLY

my.Q.classes <- function(p.raw,a,x,g){
# p are the raw percentiles
# a is the common truncation parameter
# x are the observations
# g are the groups (assumed to go from 1 to 14)

Y <- log(-log(p.raw * 1000/a))

X <- array(dim=c(length(x),15))

# 1st is intercept
X[,1] <- 1

for(j in 1:14){
X[,j+1] <- (g == j) * x

}

# if some classes are missing

https://doi.org/10.17605/OSF.IO/SJ958
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is.ma <- which(table(factor(g,levels=1:14))==0)
is.not.ma <- which(table(factor(g,levels=1:14))>0)
if(length(is.ma)!=0){ X <- X[,c(1,1+is.not.ma)]}

Rinv <- solve(chol(t(X) %*% X))
d <- t(Y) %*% X

### constraints
xmax <- tapply(x,g,max)

# it is OK to have tautological constraints, presumably

# all c coefs are negative

A.neg <- diag(c(0,rep(-1,length(is.not.ma))))[-1,]; b.neg <- rep(0,length(is.not.ma))

# ordering for S1-10, S11-13, S14
A.ord <- t(array(c(

0,-1,1,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,-1,1,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,-1,1,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,-1,1,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,-1,1,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,-1,1,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,-1,1,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,-1,1,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,-1,1,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,-1,1,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,-1,1,0),
dim=c(15,11)))

b.ord <- rep(0,11)

A.ord <- A.ord[,c(1,1+is.not.ma)]
A.ord <- A.ord[apply(A.ord!=0,1,sum)==2,]

b.ord <- rep(0,dim(A.ord)[1])

# truncation restrictions

Amat.bot <- cbind(1,diag(xmax))
b.bot <- rep(log(-log(1000/a)),dim(Amat.bot)[1])

m.quad <- solve.QP(Dmat = Rinv, factorized = TRUE, dvec = d,
Amat = cbind(t(A.neg),t(A.ord),t(Amat.bot)),
bvec = c(b.neg,b.ord,b.bot), meq = 0)

# repairing for the missing coefficients

b.est <- m.quad$solution[1]



32 C. Bartneck et al., Para Point System

c.est <- rep(NA,14)
c.est[is.not.ma] <- -m.quad$solution[-1]

return(list(b.est=b.est,c.est=c.est))
}

### AGE ONLY

my.Q.age <- function(p.raw,a,x,age){
# p are the raw percentiles
# a is the common truncation parameter
# x are the observations
# age are the age-groups

Y <- log(-log(p.raw * 1000/a))

# we now have 4 coefficients

X <- array(dim=c(length(x),4))

# 1st is intercept
X[,1] <- 1

# 2nd is linear in age
X[,2] <- age
# 3rd is quadratic in age
X[,3] <- age^2

# 4th is slope of x
X[,4] <- x

Rinv <- solve(chol(t(X) %*% X))
d <- t(Y) %*% X

# constraints
# b2 is negative (optimal age for speed)
# c is negative

Amat.top <- t(array(c(
0,0,-1,0,
0,0,0,-1),dim=c(4,2)))

b.top <- c(0,0)

# maximum cdf is smaller than the truncated one

Amat.bot <- X
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b.bot <- rep(log(-log(1000/a)),length(x))

m.quad <- solve.QP(Dmat = Rinv, factorized = TRUE, dvec = d,
Amat = t(rbind(Amat.top,Amat.bot)),
#Amat=t(Amat.top), bvec=b.top,
bvec = c(b.top,b.bot),
meq = 0)

return(m.quad)
}

### DISABILITY CLASSES AND AGE

my.Q.age.class <- function(p.raw,a,x,age,age.orig,class){
# p are the raw percentiles
# a is the common truncation parameter
# x are the observations
# age are the age-groups
# class are classes

Y <- log(-log(p.raw * 1000/a))

# we now have 4 coefficients

X <- X.orig <- array(dim=c(length(x),17))

# 1st is intercept
X[,1] <- X.orig[,1] <- 1

# 2nd is linear in age
X[,2] <- age
X.orig[,2] <- age.orig

# 3rd is quadratic in age
X[,3] <- age^2
X.orig[,3] <- age.orig^2

# 4th is slope of x times class dummy
for(j in 4:17){

X[,j] <- X.orig[,j] <- (class==j-3) * x
}

# if some classes are missing
is.not.ma <- which(table(factor(class,levels=1:14))>0)
is.ma <- which(table(factor(class,levels=1:14))==0)
if(length(is.ma)!=0){ X <- X[,c(1:3,3+is.not.ma)]}
if(length(is.ma)!=0){ X.orig <- X.orig[,c(1:3,3+is.not.ma)]}

Rinv <- solve(chol(t(X) %*% X))
d <- t(Y) %*% X
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### constraints
xmax <- tapply(x,class,max)

# it is OK to have tautological constraints, presumably

# all c coefs are negative

A.neg <- diag(c(0,0,0,rep(-1,length(is.not.ma))))[-(1:3),]; b.neg <- rep(0,length(is.not.ma))

# ordering for S1-10, S11-13, S14
A.ord <- t(array(c(

0,0,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, # b2 < 0
0,0,0,-1,1,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,-1,1,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,-1,1,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,-1,1,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,-1,1,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,-1,1,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,-1,1,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,-1,1,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,-1,1,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,-1,1,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,-1,1,0),
dim=c(17,12)))

b.ord <- rep(0,12)

A.ord <- A.ord[,c(1:3,3+is.not.ma)]
A.ord <- A.ord[apply(A.ord!=0,1,sum)==2,] # potentially cuts out a middle restriction, so not entirely kosher
# ... but seems to be working.

b.ord <- rep(0,dim(A.ord)[1])

# truncation restrictions

Amat.bot <- X.orig
b.bot <- rep(log(-log(1000/a)),length(x))

m.quad <- solve.QP(Dmat = Rinv, factorized = TRUE, dvec = d,
Amat = cbind(t(A.neg),t(A.ord),t(Amat.bot)),
bvec = c(b.neg,b.ord,b.bot), meq = 0)

b.est <- m.quad$solution[1:3]
c.est <- rep(NA,14)
c.est[is.not.ma] <- m.quad$solution[-(1:3)]

return(list(b.est=b.est,c.est=c.est))
}
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